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Abstract 

The usual procedure to determine whether a univariate time series is stationary or first–difference 
stationary is to perform some unit root test. In this article, an alternative methodology is presented 
that leads to a strongly consistent two–step criterion to estimate the number of unit roots. The 
criterion is based on estimating some autoregressive polynomials using regression procedures and 
exploiting the fact that the nonstationary roots converge at a faster rate than the stationary ones. 
The proposed procedure requires at most four regressions and is easy to implement. A simulation 
study demonstrates that it can perform significantly better in practice than the Dickey–Fuller and 
the GLS de–trended Dickey–Fuller tests. 

KEY WORDS: Unit Root Tests; GLS de–trending; Least Squares Estimator; Hannan–Rissanen 
Procedure; Strong Consistency; Nonstationarity. 
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1. INTRODUCTION 

Suppose a time series {yt}, t = 1, . . . , n, is available such that it is either stationary or 
stationary after first differencing, that is, \yt = yt − yt−1 is stationary. A problem usually 
found in practice is to determine whether the series should be differenced. To address this 
problem, a number of tests for unit roots have been developed. See, for example, Hamilton 
(1994) and the references therein. Probably, the most widely used unit root tests are those 
referred to as Dickey–Fuller tests. See Dickey, Bell and Miller (1986) for a review and list 
of references. Subsequently, Elliott, Rothenberg and Stock (1996) proposed a modification 
of these unit root tests in which the data are subject to generalized least squares (GLS) 
de–trending prior to the estimation of an autoregression and the computation of the test 
statistic. Based upon these last tests, Ng and Perron (2001) developed a new family of 
tests that were supposed to have better size and power than all previously mentioned unit 
root tests. 

Unfortunately, evidence presented by Schwert (1989), Pantula (1991), DeJong, Nan
kervis, Savin and Whiteman (1992), or Perron and Ng (1996) indicates that the most 
usually applied test procedures do not do very well in practice, particularly when large 
moving average roots are present in nonstationary series or when the root of the autore
gressive polynomial is close to but less than unity in stationary series. The situation is 
worsened by the inclusion in the regression of constant terms or time trends. 

It is well known that when one estimates an autoregression by least squares and there 
is a unit root in the process, the unit root estimator converges at a faster rate than the 
estimators of the stationary roots (Hamilton, 1994). In fact, almost sure bounds for the 
different terms in the formula for the least squares estimator exist. See, for example, 
Lemma A.1 of Poskitt (2000). 

Rather than couching the determination of unit roots in a hypothesis testing frame
work, we build on the rate of convergence of the roots of at most two autoregressive poly
nomials estimated by regression procedures to construct a strongly consistent criterion to 
select the number of unit roots. The criterion is similar to the differenced information 
criterion (DIC) proposed by Akaike (1976) to determine whether a canonical correlation 
is zero in time series model specification. 

The definitions of I(0) or I(1) processes considered in this article are not as general 
as the ones considered, for example, in Stock (1994), Műller (2008) or Davidson (2009). 
However, we believe that they are sufficiently general to cover most of the cases usually 
encountered in practice. 

Other strongly consistent rules to decide whether a time series is I(1) or I(0) have also 
been proposed in the literature (Corradi, 1999). However, to the best of our knowledge, 
there is no simulation study available comparing any of these last rules with the Dickey– 
Fuller tests or any of their modifications. 

The proposed procedure is easy to implement and does not require the use of tables 
based on simulations, like those of the Dickey–Fuller tests. Another advantage of the 
proposed procedure is that its application does not depend on the distribution of the true 
model. Thus, for the case in which a constant is included in the regression, which is 
the case considered in this article, the procedure is the same whether the true model is 

3
 



I(0), I(0) with a mean included, I(1), or I(1) with a drift term included. This contrasts 
with the Dickey–Fuller test, where it is well known that the test statistic depends on the 
assumptions about the true model. 

The results of a simulation study presented later in this article show that the proposed 
criterion works better than the augmented Dickey–Fuller test in many important cases in 
practice. Another interesting feature that emerges from the simulation study is the almost 
complete lack of power of the GLS de–trended Dickey–Fuller test when it is applied to 
stationary series with a nonzero mean in the model. This serious drawback seems to have 
passed unnoticed in the literature. 

It is to be noticed that, since the Ng and Perron (2001) tests also use GLS de–trending, 
these tests will probably be affected by the previously mentioned drawback. 

Given a time series {yt}, t = 1, . . . , n, the proposed methodology consists of the fol
lowing two steps: 

• Step 1 

1. Estimate by OLS an autoregression yt + β1yt−1 + · · · + βkyt−k = ut. 

2. Compute the inverse roots λ̂i, i = 1, . . . , k, of the polynomial β̂(z) = 1 + β̂1z + 
· · · + β̂kz

k, where β̂i is the OLS estimator of βi, i = 1, . . . , k. That is, β̂(z) = Ik (1 − λ̂iz).i=1

3. Accept {yt} as I(1) if Real(λ̂i) > 1 − hn and |Imag(λ̂i)| < hn for some i = 
1, . . . , k, where Real(λ̂i) and Imag(λ̂i) are the real and the imaginary parts of 
λ̂i, hn = 1/nαn , and {αn} is an increasing sequence of positive integers such 
that limn→∞ αn = α < 0.5, to be specified later. Accept {yt} as I(0) otherwise. 
If the series is accepted as I(1), stop. Otherwise, go to Step 2. 

• Step 2 

1. Estimate by the Hannan–Rissanen (1982) method an ARMA(1, 1) model, yt + 
φyt−1 = at + θat−1. Let φ̂ and θ̂ be the estimated φ and θ and let λ̂ = −φ̂. 

2. Accept {yt} as I(1) if ˆ and | ̂ θ| > c, where c is a small value used to λ > 1−jn φ− ̂
detect cancelation, jn = 1/nβn and {βn} is an increasing sequence of positive 
integers satisfying limn→∞ βn = β < 0.5. Both, c and {βn} will be specified 
later. Accept {yt} as I(0) otherwise. 

For completeness, the augmented Dickey–Fuller (ADF) test and the Dickey–Fuller test 
with GLS de–trending (DFGLS) are briefly described in Section 2. In Section 3, the 
assumptions needed to develop the asymptotic properties of the proposed procedure are 
made. Also in Section 3, the estimation method for Step 2, based on the three stage 
procedure proposed by Hannan and Rissanen (1982), is described. The details of Step 1, 
as well as suggestions on how to select the sequence {αn} and the number of lags k, will 
be given in Section 4. Section 5 will describe the details of Step 2. Section 6 discusses the 
impact of applying mean corrections, and Section 7 presents the results of a simulation 
study. Section 8 presents the conclusions. 
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2. THE ADF AND DFGLS TESTS 

The ADF test is carried out by performing a regression of the form 

 \yt = αyt−1 + x δ + β1\yt−1 + β2\yt−2 + · · · + βp\yt−p + vt, (1)t

where xt are optional exogenous regressors which may consist of a constant, or a constant 
and trend, and the {vt} are assumed to be white noise. The null and alternative hypotheses 
may be written as 

H0 : α = 0 
(2)

H1 : α < 0, 

and evaluated using the conventional t–ratio for α, tα = α/(se(ˆ α is the estimate ˆ α)), where ˆ
of α and se(α̂) is the coefficient standard error. An important result obtained by Fuller 
is that the asymptotic distribution of the t–ratio for α is independent of the number of 
lagged first differences included in the regression. It is known that including irrelevant 
regressors in the regression will reduce the power of the test to reject the null of a unit 
root. 

Strictly speaking, when xt is not zero, the null hypothesis H0 in (2) should include 
some statement about xt. For example, when xt = {1}, which is the case considered in 
this article, H0 should be α = 0 and δ = 0. This is so because the distribution of the 
test statistic depends on whether a nonzero drift term is included in the true model or 
not (Hamilton, 1994). However, it has become standard practice in econometrics to use 
H0 : α = 0 (Hayashi, 2000, pp. 580, 595). 

For the cases in which a constant or a constant and a linear trend are included in the 
ADF test regression, Elliott, Rothenberg and Stock (1996) propose a simple modification 
in which the data are de–trended so that explanatory variables are “taken out” of the 
data prior to running the test regression. These authors first define a quasi–difference of 
yt that depends on the value a representing the specific point alternative against which 
the null is to be tested: 

 
yt if t = 1 

d(yt|a) =
yt − ayt−1 if t > 1. 

They then consider an ordinary least squares (OLS) regression of the quasi–differenced 
data d(yt|a) on the quasi–differenced data d(xt|a) 

d(yt|a) = d(xt|a) δ(a) + wt, 

where xt contains either a constant or a constant and trend. Letting δ̂(a) be the OLS 
destimate from this regression and defining the GLS de–trended data y ast 

d  ˆy = yt − x δ(a),t t 

the DFGLS test involves estimating the equation 

d d d d\yt = αyt
d 
−1 + β1\yt−1 + β2\yt−2 + · · · + βp\yt−p + vt, 
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where now the exogenous variables xt are not included. As with the ADF test, the test 
statistic is the t–ratio for α̂ from the test equation. The values for a recommended by 
Elliott, Rothenberg and Stock (1996) are 

1 − 7/n if xt = {1}
a = 

1 − 13.5/n if xt = {1, t}, 
where n is the sample size. 

3. ASSUMPTIONS AND THE HANNAN–RISSANEN METHOD 

To develop the statistical properties of the proposed procedure, the following assump
tions concerning the process {yt} will be made: 

A1 The process {yt} is either stationary (I(0)) or first–difference stationary (I(1)). That 
is, wt = δ(B)yt is stationary, where the polynomial δ(B) in the backshift operator 
Byt = yt−1, is either 1 or \ = 1 − B. Moreover, wt = 

L
i≥0 ψiat−i. 

A2 The series ψ(z) = 
L

i≥0 ψiz
i converges for |z| < 1 and satisfies 

L
i≥0 i|ψi| < ∞ and L

i≥0 ψi = ψ(1)  = 0. 

A3 The process {at} constitutes a sequence of independent and identically distributed 
random variables with zero mean and variance σ2 > 0 satisfying the moment condi
tion E|at|2+α < ∞ for some α > 2. 

As noted by Poskitt (2000), Assumption A2 ensures that the Wold representation of zt 

is invertible and that the limiting distribution of the associated partial sum process is not 
degenerate, and Assumption A3 implies that mean–squared error projections will be linear 
and rules out conditional heteroscedasticity. It is further noted by Poskitt (2000) that 
Assumption A3 is not critical for the derivations and extension to more general processes 
satisfying appropriate martingale or mixing conditions could be made using established 
theory. See, for example, Corradi (1999). 

The estimation method used in Step 2 of the proposed procedure is based on the 
method proposed by Hannan and Rissanen (1982). It consists of the following three 
stages: 

1. A long autoregressive model is fitted to the series {yt} using the Durbin–Levinson 
algorithm to obtain estimates ât of the innovations at defined earlier in A1–A3. That 
is, given an adequate positive integer N , the ât are computed using 

N

ˆât = yt + 
L 

φN (j)yt−j , 1 ≤ t ≤ n, (3) 
j=1 

where yt = 0 if t ≤ 0 to start the recursion, and the φ̂N (j), j = 1, . . . , N , are the 
coefficients estimated by the Durbin–Levinson algorithm. The value of N is selected 
to be N = {ln2(n)}, where {ln2(n)} is the integer part of ln2(n). This choice is 
based on the fact that Hannan and Rissanen (1982), p. 88, assume that n is greater 
than ln(n), but not greater than lnb(n), for some b < ∞. 
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2. Minimize 
n }2 

S = 
L{

yt + φyt−1 − θât−1 . (4) 
t=2 

The use of an efficient numerical method, like, for example, the application of the 
QR algorithm based on Housholder transformations, to minimize (4) is important 
to avoid singularity problems when the model is overspecified. 

3. Let φ̃ and θ̃ be the estimators of φ and θ obtained by minimizing (4). To obtain the 
final estimators, first form 

ãt θ˜ φyt−1, t ≥ 1, (5)= − ãt−1 + yt + ˜

where ãt = 0 and yt = 0 if t ≤ 0. Then put 

ηt = − ̃ at, ξt = −˜ at, t ≥ 1,φηt−1 + ˜ θξt−1 + ˜

where ηt = 0 and ξt = 0 if t ≤ 0. Finally, regress ãt on −ηt−1, and ξt−1. The 
estimated regression coefficients are added to the estimators φ̃ and θ̃ to obtain the 
desired estimators φ̂ and θ̂. 

The third step can be considered as a modified Gauss–Newton step in which ηt−1 = 
∂at/∂φ, ξt−1 = −∂at/∂θ, and the modification consists of using starting values for yt that 
are zero. It is to be noted that the recursion (5) can explode if the estimate θ̃ is greater 
than one in absolute value. For this reason, if this happens in the proposed procedure, 
the third stage is omitted and the estimates used are those given by the first two stages 
of the Hannan–Rissanen method. 

4. IDENTIFICATION OF UNIT ROOTS IN STEP 1 

Let β(B) = 1+ β1B + · · ·+βkB
k = ϕ(B)δ(B), where δ(B) is the polynomial defined in 

A1, that is δ(B) = 1 − B if {yt} is difference stationary and δ(B) = 1 if {yt} is stationary, 
and ϕ(B) is the polynomial defined by the autoregression ϕ(B)wt = ut, wt = δ(B)yt. 
Then, wt is stationary and, letting ϕ(B) = 1+ ϕ1B + · · · + ϕpB

p = 
Ip (1 − λiB), wherei=1

p = k or p = k − 1, this last autoregression can also be expressed as 

wt = Wt−1ϕ + ut, (6) 

where ϕ = (−ϕp, . . . , −ϕ1) and Wt = (wt−p+1, . . . , wt) . Note that Wt−1ϕ in (6) is the 
orthogonal projection of wt onto the space generated by {wt−p+1, . . . , wt} and that, there
fore, ut in (6) is orthogonal to the random variables in {wt−p+1, . . . , wt}. 

It will be convenient to express (6) into vector AR(1) form. To this end, define N = 
[0, . . . , 0, 1] and ⎡ 

0 1 · · · 0 
⎤ 

M = 
⎢⎢⎣ 

. . . 
0 

. . . 
0 

. . . 
· · · 

. . . 
1 

⎥⎥⎦ . 

−ϕp −ϕp−1 · · · −ϕ1 
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Then, 
Wt = MWt−1 + Nut, (7) 

and it is well known that the eigenvalues of M coincide with the inverse roots λi, i = 
1, . . . , p, of ϕ(B). In addition, |λi| < 1 for all i = 1, . . . , p. To see this, let λ and v 
be an eigenvalue of M and a left eigenvector of M corresponding to λ. Then, letting 
V = Var(Wt), it is obtained from (7) that V = MV M + NN σ2 , where σ2 = Var(ut).u u 
Premultiplying this last expression by v and postmultiplying it by v̄, where v̄ denotes the 
complex conjugate of v, it is not difficult to verify that (1 − |λ|2)v V v̄ vσ2= v NN ¯ > 0.u 

In terms of the original variables yt, the autoregression (6) can be expressed as 

yt = xt−1β + ut, (8) 

where β = (−βk, . . . , −β1) and xt = (yt−k+1, . . . , yt) . Defining G = [0, . . . , 0, 1] and 
⎡ 

0 1 · · · 0 
⎤ 

F = 
⎢⎢⎣ 

. . . 
0 

. . . 
0 

. . . 
· · · 

. . . 
1 

⎥⎥⎦ , 

−βk −βk−1 · · · −β1 

the autoregression (8) can be expressed as 

xt = Fxt−1 + Gut. (9) 

To estimate β by OLS, we can use either (8) or (9) . To see this, transpose (9) to give xt 
G−1= xt−1F + G ut. Then, F̂ = 11 G10, where F̂ is the OLS estimator of F , 

n1 
Gij = 

L 
xt−ixt−j , i, j = 1, 0, 

m 
t=k+1 

and m = n − k. On the other hand, the OLS estimator of β obtained from (8) is β̂ = 
G−1 Ln

t=k+1 xt−1yt, which coincides with the last column of F̂ .11 
In the following, we will work with (9) to study the convergence rate of the OLS 

estimator β̂ of β. Let T be a non singular transformation such that premultiplying (9) by 
T , it is obtained that zt = Jzt−1 + GT ut, where zt = Txt, GT =TG, J = diag(JS , JN ), 
JS is a matrix with eigenvalues equal to those of M in (7), and JN = λk = 1 if the {yt}
process is difference stationary, and JN is absent in J if {yt} is stationary. Partitioning 
zt = (zst, znt) conforming to J = diag(JS , JN ), it is clear that zst is a purely stationary 
process and znt is a difference stationary process. To obtain the OLS estimator Ĵ of J , 
transpose first zt = Jzt−1 + GT ut to give zt = zt−1J + GT ut. Then, 

n
 −1 n

 
Ĵ =

L 
zt−1zt−1

L 
zt−1zt 

t=k+1 t=k+1 

n
 −1 n

 
= J +

L 
zt−1zt−1

L 
zt−1GT ut. (10) 

t=k+1 t=k+1 
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Let λ̂i, i = 1, . . . , k, be the eigenvalues of Ĵ , which are also the inverse roots of the 
polynomial 1+ β̂1z + · · · + β̂kz

k estimated by OLS in the autoregression (8). The following 
lemma shows that the eigenvalues λ̂i converge almost surely to the eigenvalues λi of J 
and, at the same time, gives the rates of this convergence. The proof is in the Appendix. 

Lemma 1. Let m = n − k. Then, under the assumptions A1–A3, for each eigenvalue λi, 
i = 1, . . . , k, of J there exists an eigenvalue λ̂i of Ĵ verifying with probability one λ̂i = 
λi + O((ln(m)/m)1/2) if |λi| < 1 and λ̂i = 1 + O((ln ln(m)/m)1/2) if λi = 1. 

Lemma 1 implies that the rate of convergence of λ̂i to λi is faster if λi = 1 than if 
|λi| < 1, and this fact is exploited in the construction of the statistic ri = Real(λ̂i)−1+hn. 
In this statistic, hn should satisfy limn→∞ hn = 0 and limn→∞(hn/LLn) = ∞, where 
LLn = [ln ln(n)/n]1/2 . Also, the rate of convergence of hn to zero should be similar to 
that of (ln(n)/n)1/2 . These considerations lead us to propose hn = 1/nαn , where {αn}
is an increasing sequence of positive integers such that limn→∞ αn = α < 0.5. The 

following lemma gives the asymptotic behavior of Ri = n1/2 
[
Real(λ̂i) − 1 + hn

] 
and Si = 

n1/2 
[
−|Imag(λ̂i)| + hn

] 
, i = 1, . . . , k, as n →∞. The proof is in the Appendix. 

Theorem 1. Let m = n − k, Lm = [ln(m)/m]1/2 , LLm = [ln ln(m)/m]1/2 and hm = 
1/mαn , where {αm} is an increasing sequence of positive integers such that limm→∞ αm = 
α < 0.5. Then, under the assumptions A1–A3, as m →∞, for each estimated eigenvalue 
ˆ ˆλi, i = 1, . . . , k, of J , the statistic Ri = m1/2 

[
Real(λ̂i) − 1 + hm

] 
tends to −∞ almost 

surely if λ̂i = λi +O(Lm) with |λi| < 1, and tends to +∞ almost surely if λ̂i = 1+O(LLm). 
Also, if λ̂i = 1+O(LLm), the statistic Si = m1/2 

[
−|Imag(λ̂i)| + hm

] 
tends to +∞ almost 

surely as m →∞. 

Theorem 1 provides a simple strongly consistent rule to discriminate between I(0) and 
I(1) processes. Firstly, choose a lag k for the autoregression (8). Secondly, estimate β by 
OLS and, for each estimated λ̂i, i = 1, . . . , k, construct the statistics ri = Real(λ̂i)−1+hn 

and si = −|Imag(λ̂i)| + hn. Finally, accept the process as I(1) if ri > 0 and si > 0 for 
some i. Otherwise, accept it as I(0). 

A possible way to select the lag k in (8) is to use model selection criteria such as AIC 
(Akaike, 1974a, 1976) or BIC (Schwarz, 1978). Although these criteria were in principle 
designed for stationary series, they have been extended to the nonstationary situation 
(Tsay, 1984) for autoregressive processes. However, both AIC and BIC tend to select a 
lag k that is too small, particularly when there is a moving average in the process close 
to non–invertibility. For this reason, and based on the simulation experiments presented 
later, we select a fixed value k = 6. It should be emphasized that the only condition that 
Lemma 1 imposes to the lag k of the autoregression in (8) is that it should be at least one. 

In Theorem 1, the sequence {αn} can in principle be arbitrary. It will be shown later 
in the simulations that some appropriate values for αn are: α30 = 0.345, α50 = 0.405 and 
α100 = 0.499. For n ≥ 100, one can set αn = 0.499. 

A justification for the previous formula for αn is that αn should be as close to the 
upper bound of 0.5 as possible for each sample size n. 
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5. IDENTIFICATION OF UNIT ROOTS IN STEP 2 

Although one can think that the rule described in the previous section is sufficient 
to discriminate between I(1) and I(0) processes, the fact is that, as the simulations can 
show, this is not the case. If the data follow ARIMA models with moving average roots or 
autoregressive roots with modulus close to one, the rule fails to discriminate correctly. For 
this reason, the second step is introduced in the proposed procedure. The rationale behind 
this second step is that an ARIMA(1, 1) model should be able to discriminate better than 
a pure autoregressive model when the true model has autoregressive or moving average 
roots with modulus close to one. It should also work better when there is an autoregressive 
term that tends to cancel with some moving average term, like for example in the model 
yt − yt−1 = at − .8at−1. 

Assume we fit the model yt +φyt−1 = ut +θut−1 to the data and we apply the Hannan-
Rissanen method described in Section 3 to estimate φ and θ. Letting φ̂ be the estimator 
of φ obtained in this way, the following lemma shows that φ̂ converges almost surely to 
minus one if the process is I(1) and that it converges almost surely to φ with |φ| < 1 if 
the process is I(0). The lemma also gives the rates of this convergence. The proof is in 
the Appendix. 

Lemma 2. Let m = n − 1 and let N = {lna(n)}, a > 1, be the order of the long 
autoregression in the first stage of the Hannan–Rissanen method, where {lna(n)} is the 
integer part of lna(n). Then, under the assumptions A1–A3, with probability one, φ̂ = 
φ + O((lna+1(m)/m)1/2) with |φ| < 1 if the process is I(0) and φ̂ = −1 + O(LLm) if the 
process is I(1). 

The following lemma is similar to Theorem 1. The proof is omitted because it parallels 
the proof of that theorem. 

Theorem 2. Let m = n − 1, λ̂ = −φ̂, Lm,a = (lna+1(m)/m)1/2, and hm = 1/mβm , where 
{βm} is an increasing sequence of positive integers such that limm→∞ βm = β < 0.5. Then, 
under the assumptions A1–A3, as m → ∞, the statistic R = m1/2 

[
Real(λ̂) − 1 + hm

]

tends to −∞ almost surely if λ̂ = −φ + O(Lm,a) with |φ| < 1, and tends to +∞ almost 
surely if λ̂ = 1 + O(LLm). 

Lemma 2 and Theorem 2 provide a justification for the strongly consistent rule of Step 
2 of the proposed procedure to discriminate between I(1) and I(0) processes. 

The expression |φ̂ − θ̂| < c in Step 2, where c is a small value, is used when the 
autoregressive and moving–average terms in the estimated ARMA(1, 1) model are near to 
cancelation. A value of c = 0.11 is found to be satisfactory. 

6. MEAN CORRECTIONS 

In this section, we consider the possibility that the true process {yt} may be stationary 
with nonzero mean or difference–stationary with a nonzero drift term. The results of 
Sections 4 and 5 can be extended to cover this situation, but first assumption A1 has to 
be modified into 
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A1’ The process {yt} is either stationary or first–difference stationary. That is, wt = 
δ(B)yt is stationary, where the polynomial δ(B) is either 1 or \ = 1 − B. Moreover, 
wt = µ + 

L
i≥0 ψiat−i, where µ is a constant. 

To allow for a mean or drift term, the autoregressions (8) and (9) are changed into 

yt = γ + xt−1β + ut, (11) 

and 
xt = Gγ + Fxt−1 + Gut, (12) 

where γ is a constant. Let T be, as in Section 4, a nonsingular transformation such that 
TFT −1 = J = diag(JS , JN ), where JS and JN are defined as before. Then, premultiplying 
(12) by T , it is obtained that zt = GT γ + Jzt−1 + GT ut, where zt = Txt and GT =TG. 

It is well known that, to estimate β by OLS in (11), we can either work with this 
equation directly or with the equation ỹt = x̃t−1β+ũt, where ỹt = yt −ȳ, ȳ = 

L
t
n 
=k+1 yt/m, 

x̃t = xt − x̄, x̄ = 
Ln

t=
−
k 
1 xt/m, ũt = ut − ū, and ū = 

L
t
n 
=k+1 ut/m. In the following, 

we will work with the de–meaned data. If we incorporate mean adjustments into the 
autoregression zt = GT γ + Jzt−1 + GT ut, we get zt − z̄0 = J(zt−1 − z̄1)+ GT (ut − ū), where 
z̄i = 

L
t
n 
=k+1 zt−i/m, i = 0, 1, and ū = 

L
t
n 
=k+1 ut/m, and the OLS estimator Ĵ of J is 

n
 −1 n

 
Ĵ =

L 
(zt−1 − z̄1)(zt−1 − z̄1)

L 
(zt−1 − z̄1)(zt − z̄0) 

t=k+1 t=k+1 

n
 −1 n

 
= J +

L 
(zt−1 − z̄1)(zt−1 − z̄1)

L 
(zt−1 − z̄1)GT (ut − ū). (13) 

t=k+1 t=k+1 

Let, as in Section 4, λ̂i, i = 1, . . . , k, be the eigenvalues of Ĵ . The following lemma 
shows that, in the present situation, the eigenvalues λ̂i also converge almost surely to the 
eigenvalues λi of J , and with the same convergence rate. The proof is in the Appendix. 

Lemma 3. Let m = n − k. Then, under the assumptions A1’, A2 and A3, for each 
eigenvalue λi, i = 1, . . . , k, of J there exists an eigenvalue λ̂i of Ĵ verifying with probability 
one λ̂i = λi + O(Lm) if |λi| < 1, and λ̂i = 1 + O(LLm) if λi = 1. 

The previous result justifies the extension of the strongly consistent rule of Step 1 to 
discriminate between I(0) and I(1) processes to the present situation. The only change 
that has to be made is to replace in that rule the raw data by the de–meaned data. 

In a similar way, we can extend the strongly consistent rule of Step 2 to the nonzero 
mean or drift case considered in this section. Again, the rule is the same except that the 
raw data are replaced by the de–meaned data. The proof of this result is a generalization 
of the proof of the result of the previous section along the lines of this section and is 
omitted. 

7. SIMULATION EVIDENCE 
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Table 1: Nonstationary Models for the Simulation Experiment 
p d q m r1 r2 r3 s1 s2 s3 

N1 0 1 1 0 .0 .0 .0 -.9 .0 .0 
N2 0 1 1 0 .0 .0 .0 -.5 .0 .0 
N3 0 1 0 0 .0 .0 .0 .0 .0 .0 
N4 0 1 1 0 .0 .0 .0 .5 .0 .0 
N5 0 1 1 0 .0 .0 .0 .8 .0 .0 
N6 0 1 1 0 .0 .0 .0 .85 .0 .0 
N7 0 1 1 0 .0 .0 .0 .9 .0 .0 
N8 0 1 1 0 .0 .0 .0 .95 .0 .0 
N9 1 1 1 0 .8 .0 .0 .4 .0 .0 
N10 2 1 2 0 .7 .6 .0 .3 .4 .0 
N11 3 1 3 0 .7 .6 .5 .3 .2 .25 
N12 0 1 1 1 .0 .0 .0 -.9 .0 .0 
N13 0 1 1 1 .0 .0 .0 -.5 .0 .0 
N14 0 1 0 1 .0 .0 .0 .0 .0 .0 
N15 0 1 1 1 .0 .0 .0 .5 .0 .0 
N16 0 1 1 1 .0 .0 .0 .8 .0 .0 
N17 0 1 1 1 .0 .0 .0 .85 .0 .0 
N18 0 1 1 1 .0 .0 .0 .9 .0 .0 
N19 0 1 1 1 .0 .0 .0 .95 .0 .0 
N20 1 1 1 1 .8 .0 .0 .4 .0 .0 
N21 2 1 2 1 .7 .6 .0 .3 .4 .0 
N22 3 1 3 1 .7 .6 .5 .3 .2 .25 

In this section, we will provide some indication of the performance of the proposed 
criterion based on the rate of convergence (CRC) of the least squares estimators. As 
mentioned earlier, a selection of k = 6 in the autoregression (8) of Step 1 and a specification 
of c = 0.11 for the cancelation of terms in Step 2 seems to work well in the simulations 
for all models usually found in practice. 

Given a sample size n, if {αn} and {βn} denote the sequences corresponding to the 
first and the second step of the proposed procedure, the values selected should be as close 
to the upper bound of 0.5 as possible. After some experimentation, some of the values we 
have found appropriate for αn and βn are α30 = 0.345, α50 = 0.405, α100 = 0.499, α150 = 
0.499, α200 = .499, α500 = .499, β30 = 0.265, β50 = 0.311, β100 = 0.407, β150 = 0.4703, 
β200 = 0.499 and β500 = 0.499. 

In the simulation experiment, we start by selecting a wide range of ARIMA(p, d, q) 
models, where 0 ≤ p ≤ 3, 0 ≤ d ≤ 1 and 0 ≤ q ≤ 1. The models we use are listed in Table 1. 
The symbols ri and si, i = 1, 2, 3, refer to the inverse roots of the autoregressive and moving 
average polynomials. Thus, if p = 3, the autoregressive polynomial is 1+φ1B+φ2B

2+φ3B
3 

= (1 − r1B)(1 − r2B)(1 − r3B) and, if q = 1, the moving average polynomial is 1 + θB 
= 1 − s1B. The symbol m refers to the mean of the process. If m = 0, there is no mean 
term and if m = 1, there is a nonzero mean if the process is stationary and a nonzero 
drift term if it is nonstationary. Each model has the symbol Si or Ni for future reference, 
where Si denotes stationary model number i and Ni denotes nonstationary model number 
i, i = 1, . . . , 22. 
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Table 2: Stationary Models for the Simulation Experiment 
p d q m r1 r2 r3 s1 s2 s3 

S1 1 0 1 0 -.9 .0 .0 -.3 .0 .0 
S2 1 0 1 0 -.5 .0 .0 -.2 .0 .0 
S3 0 0 0 0 .0 .0 .0 .0 .0 .0 
S4 1 0 1 0 .6 .0 .0 .2 .0 .0 
S5 1 0 0 0 .8 .0 .0 .0 .0 .0 
S6 1 0 0 0 .85 .0 .0 .0 .0 .0 
S7 1 0 0 0 .9 .0 .0 .0 .0 .0 
S8 0 0 2 0 .0 .0 .0 .6 .4 .0 
S9 2 0 2 0 .7 .6 .0 .4 .3 .0 
S10 2 0 0 0 .4 .6 .0 .0 .0 .0 
S11 3 0 3 0 .7 .6 .7 .9 .3 .2 
S12 1 0 1 1 -.9 .0 .0 -.3 .0 .0 
S13 1 0 1 1 -.5 .0 .0 -.2 .0 .0 
S14 0 0 0 1 .0 .0 .0 .0 .0 .0 
S15 1 0 1 1 .6 .0 .0 .2 .0 .0 
S16 1 0 0 1 .8 .0 .0 .0 .0 .0 
S17 1 0 0 1 .85 .0 .0 .0 .0 .0 
S18 1 0 0 1 .9 .0 .0 .0 .0 .0 
S19 0 0 2 1 .0 .0 .0 .6 .4 .0 
S20 2 0 2 1 .7 .6 .0 .4 .3 .0 
S21 2 0 0 1 .4 .6 .0 .0 .0 .0 
S22 3 0 3 1 .7 .6 .7 .9 .3 .2 

Each ARIMA(p, d, q) model, (1+φ1B+· · ·+φpB
p)(\dyt −µ) = (1+θ1B+· · ·+θqB

q)Et, 
where {Et} is an i.i.d. sequence of N(0, σ2) random variables, is generated using first the 
state space representation 

yt = Zαt (14) 
αt+1 = Tαt + HEt, (15) 

and adding later the nonzero mean or drift term if necessary. The state space representa
tion (14) and (15) is as extension to nonstationary models of the one originally proposed 
by Akaike (1974b) for stationary models. More specifically, 

⎡ 
0 1 · · · 0 

⎤ 
. . ... . . ... . .

T = ,
⎢⎢

0 0 · · · 1 

⎥⎥⎣ ⎦ 

−φ∗ −φ∗ · · · −φ∗ 
r r−1 1 

Z = (1, 0, . . . , 0), H = (1, ψ1, . . . , ψr−1) , αt = (yt, yt+1|t, . . . , yt+r−1|t) , r = max{p + 
d, q + 1}, yt+i|t = yt − Et − ψ1Et−1 − · · · − ψi−1Et−i+1, i = 1, . . . , r − 1, 

L∞ ψiB
i = i=0 

(1+ θ1B + · · · + θqB
q)/φ∗(B), φ∗(B) = (1+ φ1B + · · · + φpB

p)\d, and φ∗ = 0 for i > p + d.i 
It is not difficult to verify that the elements of the state vector are the series and its first 
r − 1 periods ahead function and that this state space representation is correct. 

If d = 0, the initial state vector α1 is α1 = U = (u1, u2|1, . . . , ur|1) , where ut = 
yt, ui|1 =E(ui|us : s ≤ 1) and E(.|.) denotes conditional expectation. Thus, the mean 
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Table 3: Sample Size n=30, α30 = .345, β30 = .265 

Nonstationary Models Stationary Models 
Model ADF DFGLS CRC Model ADF DFGLS CRC 
N1 87.82 95.96 95.04 S1 52.47 54.49 83.30 
N2 90.98 95.29 94.91 S2 51.22 84.32 76.28 
N3 92.03 95.48 92.10 S3 36.40 80.53 65.88 
N4 91.24 97.24 81.31 S4 26.22 67.96 56.76 
N5 76.11 99.86 53.44 S5 14.43 42.77 27.57 
N6 70.09 99.98 46.35 S6 12.49 35.33 21.01 
N7 62.68 100.00 39.78 S7 10.63 27.19 15.22 
N8 56.05 100.00 34.94 S8 96.87 88.02 95.91 
N9 90.88 91.55 99.33 S9 16.49 50.04 35.36 
N10 89.29 92.50 99.68 S10 20.39 57.17 32.76 
N11 87.25 89.83 99.79 S11 27.00 73.51 55.46 
N12 98.60 98.09 99.92 S12 52.22 0.50 83.20 
N13 98.47 97.91 99.95 S13 51.11 0.60 75.89 
N14 98.86 97.97 99.95 S14 36.39 0.66 66.03 
N15 99.40 97.59 99.93 S15 26.35 0.70 57.10 
N16 99.89 97.32 99.89 S16 14.50 0.95 27.30 
N17 99.93 97.27 99.89 S17 12.20 1.27 20.80 
N18 99.91 97.24 99.88 S18 10.34 1.77 15.01 
N19 99.92 97.23 99.89 S19 96.54 0.58 95.88 
N20 96.77 97.69 99.98 S20 16.35 0.85 35.37 
N21 97.17 97.31 99.99 S21 20.24 1.08 32.61 
N22 95.54 95.86 99.98 S22 26.82 0.83 54.78 

of α1 is zero and its covariance matrix can be easily obtained. If d = 1, α1 is defined 
as α1 = c1 + A1δ, where, A1 = (1, . . . , 1) , δ = y0 is a diffuse random variable, and 
the distribution of c1 is well defined. In fact, it is easy to verify that for t > 0, yt = 
y0 + 

Lt−1 
i=0 ut−i, where ut = \yt. Then, A1 is as asserted and c1 = ΞU , where Ξ is a lower 

triangular r × r matrix with ones in and under the main diagonal, U = (u1, u2|1, . . . , ur|1) 
and ui|1 =E(ui|us : s ≤ 1). 

Note that in both the stationary and the nonstationary case the distribution of U 
depends on that of ut, which follows an ARMA(p, q) model. Thus, to generate α1 for the 
simulations, we first obtain the matrix V = Cov(U) and compute its Cholesky decompo
sition V = LL . Then, we generate U as U = La, where a is an r dimensional vector of 
i.i.d N(0, σ2) random variables. If d > 0, the variable δ is generated as a N(0, 1) variable 
independent of a plus a constant equal to 100. 

Finally, the series {yt} is generated using the state space equations (14) and (15), where 
the sequence {Et} is generated as an i.i.d. sequence of N(0, σ2) variables independent of 
a and δ. If a nonzero mean or drift term is present in the model, it is added to the series 
generated using the previous procedure. 

A set of programs that implement the previous procedure has been written by the 
author in MATLAB to generate time series that follow an ARIMA(p, d, q) model. In 
addition, a program has also been written by the author to apply the proposed criterion 
to decide between I(1) and I(0) processes. These programs are available upon request. In 
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Table 4: Sample Size n=50, α50 = .405, β50 = .311 

Nonstationary Models Stationary Models 
Model ADF DFGLS CRC Model ADF DFGLS CRC 
N1 94.97 93.85 96.68 S1 75.01 55.66 96.06 
N2 93.70 95.18 96.84 S2 72.34 93.23 92.62 
N3 93.54 95.70 95.30 S3 56.87 93.26 84.89 
N4 93.14 97.07 89.02 S4 41.72 85.46 72.65 
N5 78.12 99.84 57.32 S5 19.75 58.08 37.82 
N6 68.72 99.95 43.65 S6 15.61 47.16 25.46 
N7 55.33 100.00 29.03 S7 11.50 34.23 15.20 
N8 39.50 100.00 18.35 S8 99.63 87.03 99.89 
N9 92.50 93.08 99.88 S9 25.06 68.27 47.11 
N10 91.54 93.29 99.92 S10 30.62 75.31 54.42 
N11 91.25 91.24 99.97 S11 49.93 92.88 82.92 
N12 98.33 97.93 99.98 S12 75.23 0.44 96.00 
N13 99.89 98.13 99.99 S13 72.38 0.47 92.53 
N14 99.18 98.14 99.97 S14 56.72 0.66 84.75 
N15 99.48 98.03 99.98 S15 41.16 0.68 72.80 
N16 99.95 97.93 99.97 S16 19.58 0.75 37.69 
N17 99.94 97.92 99.95 S17 15.31 0.79 25.49 
N18 99.95 97.89 99.94 S18 11.35 0.90 15.25 
N19 99.96 97.90 99.95 S19 99.72 0.45 99.88 
N20 97.65 98.56 99.95 S20 24.88 0.79 47.13 
N21 97.98 98.41 100.00 S21 30.15 1.02 54.47 
N22 97.39 98.30 100.00 S22 50.02 0.86 82.66 

the previous programs, the MATLAB function adfreg by Ludwig Kanzler has been used 
to apply the ADF test. This routine was modified to compute the critical values of the 
GLS-de–trended ADF tests. 

In Tables 3 to 8 the performance of CRC is shown when this criterion is applied to 
20,000 replications of series of length 30, 50, 100, 150, 200 and 500 that follow the models 
of Tables 1 and 2. The tables also show the performance of the ADF and DFGLS tests 
when they are applied to the same series. 

Given that the methodology used by CRC differs from that of the ADF and DFGLS 
tests, some explanation is necessary as to how the comparison is made. For CRC, a mean 
term is always included in the regressions and in each table the percentages of correctly 
identified models are given. For the ADF and DFGLS tests, the .05 level to test H0 

against H1 is used, where H0 and H1 are defined in (2) for a model (1) in which xt = {1}
and, following Poskitt (2000, p. 81), the number of lags p is selected for each sample size 
n according to the formula p = {ln(n) + .5}. In each table the percentages of correctly 
identified models are given when the ADF and DFGLS tests are applied in this way. Thus, 
the performance of these tests is judged by how close the percentages are to .95, whereas 
that of CRC is judged by how close the percentages are to 1. 

In Table 3, CRC is applied to 20,000 replications of series of length 30 that follow the 
models of Tables 1 and 2. The specification α30 = .345 and β30 = .265 is used. It is seen 
that the results of CRC for nonstationary models are better than those obtained with 
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Table 5: Sample Size n=100, α100 = .499, β100 = .407 

Nonstationary Models Stationary Models 
Model ADF DFGLS CRC Model ADF DFGLS CRC 
N1 92.05 96.61 96.62 S1 99.01 71.26 100.00 
N2 93.78 96.00 96.72 S2 98.83 99.81 96.60 
N3 94.06 96.28 96.12 S3 95.09 99.91 96.62 
N4 93.81 97.09 93.47 S4 86.13 99.55 94.67 
N5 77.30 99.75 71.02 S5 51.61 91.59 83.88 
N6 63.39 99.99 51.12 S6 37.82 82.37 64.54 
N7 39.75 100.00 24.89 S7 24.00 64.75 36.39 
N8 11.81 100.00 5.50 S8 100.00 96.16 100.00 
N9 93.53 94.27 99.96 S9 64.32 96.50 90.03 
N10 93.17 94.07 99.97 S10 73.32 98.07 97.88 
N11 92.96 91.26 99.97 S11 95.84 99.94 99.91 
N12 99.45 98.87 99.97 S12 98.90 0.38 100.00 
N13 99.33 98.79 99.99 S13 98.59 0.46 99.65 
N14 99.45 98.61 99.99 S14 95.20 0.82 96.73 
N15 99.65 98.76 99.99 S15 85.77 0.80 94.58 
N16 99.94 98.71 99.95 S16 51.22 1.22 83.94 
N17 99.97 98.70 99.94 S17 38.15 1.19 64.64 
N18 99.95 98.67 99.93 S18 24.28 1.09 36.65 
N19 99.94 98.67 99.93 S19 100.00 0.36 100.00 
N20 98.94 99.18 100.00 S20 64.56 1.08 90.08 
N21 98.98 99.09 100.00 S21 72.81 1.43 97.95 
N22 98.54 99.09 100.00 S22 95.84 1.19 99.92 

ADF except for models N4 to N8. For stationary models, CRC detects significantly more 
models than ADF, except for models S8 and S19 where the differences are small. 

As regards ADF and DFGLS, the results confirm the low power of ADF in all cases 
and show an increase of power of DFGLS with respect to ADF when the test is applied 
to stationary models with zero mean, and the almost complete lack of power of DFGLS 
when this test is applied to stationary models with a nonzero mean. The results confirm 
also that DFGLS does a much better job than ADF with nonstationary models with a 
moving average root close to the unit circle. 

The results of CRC, together with those of the ADF and DFGLS tests, for sample 
sizes of n = 50, 100, 150, 200, 500 can be seen in Tables 4 to 8. 

In Table 4, the specification α50 = .405 and β50 = .311 is used. It is seen that CRC 
detects more nonstationary models than ADF, except for models N4 to N8. At the same 
time, CRC detects more stationary models than ADF for all models. With respect to 
DFGLS, it is to be noticed the complete lack of power for models S12 to S22, which are 
the stationary models that include a nonzero mean term. 

In Table 5, the specification α100 = .499 and β100 = .407 is used. CRC detects more 
nonstationary models than ADF, except for models N4, where the difference is very small, 
and N5 to N8. As in Table 4, CRC detects more stationary models than ADF, with the 
exception of model S2. The difference for this last model however is not big. Again, it is 
to be noted the complete lack of power of DFGLS for models S12 to S22. 
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Table 6: Sample Size n=150, α150 = .499, β150 = .4703 

Nonstationary Models Stationary Models 
Model ADF DFGLS CRC Model ADF DFGLS CRC 
N1 92.28 97.03 95.69 S1 100.00 86.06 100.00 
N2 94.00 96.47 95.94 S2 100.00 100.00 99.99 
N3 94.57 96.31 95.48 S3 99.95 100.00 99.43 
N4 93.86 97.32 93.57 S4 99.28 100.00 99.69 
N5 74.38 99.86 83.75 S5 82.93 99.37 99.68 
N6 57.05 100.00 64.71 S6 67.84 97.45 97.74 
N7 29.04 100.00 32.58 S7 44.16 87.53 84.87 
N8 3.18 100.00 5.38 S8 100.00 99.67 100.00 
N9 94.08 94.61 99.95 S9 92.66 99.88 99.96 
N10 93.85 94.24 99.97 S10 96.28 99.94 99.99 
N11 93.83 91.31 99.94 S11 99.96 100.00 100.00 
N12 99.68 99.03 99.98 S12 100.00 0.58 100.00 
N13 99.59 98.89 99.99 S13 100.00 0.63 100.00 
N14 99.60 98.84 99.98 S14 99.90 1.01 99.37 
N15 99.71 98.86 99.99 S15 99.24 1.02 99.73 
N16 99.97 98.80 99.98 S16 82.86 1.59 99.66 
N17 99.96 98.80 99.98 S17 67.96 1.61 97.81 
N18 99.96 98.78 99.97 S18 44.36 1.64 85.27 
N19 99.96 98.77 99.96 S19 100.00 0.46 100.00 
N20 99.22 99.32 100.00 S20 92.77 1.42 99.98 
N21 99.44 99.18 100.00 S21 96.20 1.77 99.99 
N22 99.09 99.46 100.00 S22 99.97 1.44 100.00 

In Table 6, the specification α150 = .499 and β150 = .4703 is used. CRC detects more 
nonstationary models than ADF, except for model N4, where the difference is very small. 
As regards stationary models, CRC detects less models than ADF only in models S2 and 
S3, where the differences are negligible. The differences of CRC with respect to ADF are 
more pronounced in the models with an autoregressive root close to one, models S5 to S7. 

In Table 7, the specification α200 = .499 and β200 = .499 is used. CRC detects more 
nonstationary models than ADF in all cases. For models N5 to N8, where the moving 
average root gets close to one, the differences between CRC and ADF are substantial. For 
stationary models, CRC detects more models than ADF except for models S2, S3 and S13 

to S15 where the differences are negligible. For models with an autoregressive root close to 
one, models S5 to S7, the differences between CRC and ADF are substantial, all in favor 
of CRC. 

Finally, in Table 8 the specification α500 = .499 and β500 = .4703 is used. CRC detects 
more nonstationary models than ADF in all cases. For models N6 to N8 the differences 
are now substantial. It is seen that, for stationary models, both CRC and ADF reach 
almost a hundred per cent of correctly identified models. 

8. CONCLUSION 

The experimental results presented in this article indicate that the proposed CRC crite
rion can be used to decide whether a time series is stationary or first–difference stationary. 

17
 



Table 7: Sample Size n=200, α200 = .499, β200 = .499 

Nonstationary Models Stationary Models 
Model ADF DFGLS CRC Model ADF DFGLS CRC 
N1 92.33 96.69 95.81 S1 100.00 94.23 100.00 
N2 94.28 96.22 96.25 S2 100.00 100.00 99.61 
N3 94.43 96.40 95.80 S3 100.00 100.00 99.08 
N4 94.16 97.25 94.28 S4 99.99 100.00 99.69 
N5 72.62 99.88 90.13 S5 96.71 99.98 99.68 
N6 53.85 99.99 73.45 S6 88.63 99.78 97.74 
N7 25.14 100.00 39.16 S7 66.37 97.20 84.87 
N8 1.51 100.00 6.39 S8 100.00 99.99 100.00 
N9 94.27 94.28 99.96 S9 99.40 100.00 99.96 
N10 94.00 94.22 99.98 S10 99.81 100.00 99.99 
N11 94.43 91.02 99.94 S11 100.00 100.00 100.00 
N12 99.72 99.19 99.97 S12 100.00 0.65 100.00 
N13 99.58 99.12 99.98 S13 100.00 0.77 99.60 
N14 99.60 98.98 99.99 S14 100.00 1.09 99.16 
N15 99.73 99.02 100.00 S15 100.00 1.22 99.72 
N16 99.99 98.96 100.00 S16 96.93 1.78 99.66 
N17 99.97 98.96 100.00 S17 88.97 1.89 97.81 
N18 99.95 98.96 99.98 S18 66.51 1.92 85.27 
N19 99.96 98.96 99.96 S19 100.00 0.62 100.00 
N20 99.32 99.37 100.00 S20 99.43 1.77 99.98 
N21 99.48 99.44 100.00 S21 99.82 2.09 99.99 
N22 99.25 99.59 100.00 S22 100.00 1.81 100.00 

The CRC criterion is easy to implement and performs better than ADF for nonstationary 
models. The improvement is substantial for models with a moving average unit root close 
to one. With stationary models, CRC performs in general better than ADF, with consid
erable improvements in the case of autoregressive roots close to one. For the stationary 
models for which CRC performs worse than ADF the differences seem to be small and 
most of them are not likely to be found in practice. As regards DFGLS, it usually works 
better than CRC and ADF, but its complete lack of power with stationary models which 
include a nonzero mean term makes it virtually useless. 

One advantage of the proposed procedure with respect to the Dickey–Fuller tests is 
that it is easy to implement and that it is not necessary to use tables based on simulations. 
Another advantage is that the two steps of the procedure are always applied in the same 
way, regardless of the distribution of the true model. This contrasts with the Dickey–Fuller 
test, where the test statistic depends on the assumptions about the true model. 

Finally, the procedure can be extended to nonstationary seasonal models without re
quiring much effort. The author has confirmed this fact using simulations, not shown in 
this paper for lack of space. 
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Table 8: Sample Size n=500, α500 = .499, β500 = .499 

Nonstationary Models Stationary Models 
Model ADF DFGLS CRC Model ADF DFGLS CRC 
N1 95.83 94.08 99.40 S1 100.00 99.97 100.00 
N2 94.87 95.46 99.49 S2 100.00 100.00 100.00 
N3 94.68 96.48 99.47 S3 100.00 100.00 100.00 
N4 94.54 96.95 99.18 S4 100.00 100.00 100.00 
N5 77.78 99.68 99.27 S5 100.00 100.00 100.00 
N6 59.27 99.96 92.81 S6 100.00 100.00 100.00 
N7 27.92 100.00 50.35 S7 99.97 100.00 99.88 
N8 1.30 100.00 6.76 S8 100.00 100.00 100.00 
N9 94.70 93.08 100.00 S9 100.00 100.00 100.00 
N10 94.80 92.80 100.00 S10 100.00 100.00 100.00 
N11 94.70 92.18 99.99 S11 100.00 100.00 100.00 
N12 99.54 99.60 100.00 S12 100.00 0.86 100.00 
N13 99.70 99.56 100.00 S13 100.00 1.01 100.00 
N14 99.69 99.51 100.00 S14 100.00 1.50 99.99 
N15 99.76 99.49 100.00 S15 100.00 1.93 100.00 
N16 99.99 99.44 100.00 S16 100.00 2.72 100.00 
N17 100.00 99.44 100.00 S17 100.00 2.93 100.00 
N18 99.99 99.44 99.99 S18 99.96 3.20 99.91 
N19 99.99 99.42 99.99 S19 100.00 0.68 100.00 
N20 99.60 99.74 100.00 S20 100.00 2.47 100.00 
N21 99.57 99.81 100.00 S21 100.00 3.25 100.00 
N22 99.44 99.83 100.00 S22 100.00 2.43 100.00 

to apply the ADF test. This routine was modified by the author to compute the critical 
values of the GLS-de–trended ADF tests. The author wants to thank Esther Ruiz of 
Universidad Carlos III de Madrid for many valuable comments. 
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APPENDIX: PROOFS
 

Proof of Lemma 1 
Let Lm = (ln(m)/m)1/2 and LLm = (ln ln(m)/m)1/2 . Suppose the process {yt} is difference 

stationary and define the normalization matrix Nm = diag(m−1/2Ik−1,m
−1). Then, (10) can be 

expressed as 
−1n n

I IĴ = J + Nm 

L 
Nmzt−1zt−1Nm 

L 
Nmzt−1vt, 

t=k+1 t=k+1 

GI −2 Ln I −1where vt = T ut. By Lemma A.1 of Poskitt (2000), m t=k+1 znt−1znt−1 = Op(1), mLn I −3/2 Ln I
t=k+1 zst−1zst−1 = Γ(0)+O(Lm), and m t=k+1 zst−1znt−1 = O(ln ln(m)1/2) = Op(m−1/2), 

Iwhere Γ(0) = Var(zst). Thus, letting F11 = 
Ln 

Nmzt−1zt−1Nm, we can write t=k+1 

[ 
Γ(0) + O(Lm) Op(m−1/2) 

]
F11 = −1/2) . 

Op(m Op(1) 

d−2 Ln IGiven that, as noted by Poskitt (2000) p. 87, m t=k+1 znt−1znt−1 → W > 0 almost surely, 
where W is a functional of standard Brownian motion, the previous expression for F11 implies 

d
[ 

Γ(0) 0 
]

F11 → > 0 almost surely.0 W 

Using these results and an argument similar to that used in the proof of Lemma 1.1 of Poskitt 
(2000), we can show that 

F −1 

[ 
Γ(0)−1 + O(Lm) Op(m−1/2) 

] 

= .11 −1/2)Op(m Op(1) 

−1 Ln I −3/2 Ln IBy Lemma A.1 of Poskitt (2000), m = O(Lm) and m = t=k+1 zst−1vt t=k+1 znt−1vt 

O(ln ln(m)1/2), where we have used the fact that ut is uncorrelated with zst−1. Then, letting G10 
I= 

Ln
t=k+1 Nmzt−1vt, the following expression is obtained 

[ 
m1/2O(Lm) 

]
G10 = . 

m1/2O((ln ln(m))1/2) 

From this, it follows that 

F −1 

[ 
O(Lm) 

]
Nm 11 G10 = 

O(LLm) 

and
 

Ĵ I 
[ 

O(Lm) 
] [ 

JS 
I + O(Lm) O(Lm) 

]
 

= J I + = . 
O(LLm) O(LLm) 1 + O(LLm) 

Consider the eigenvalues of Ĵ I. Using the Laplace expansion of a determinant, we can write 
det(Ĵ I − λIk) as 

det(JS
I − λIk−1 + O(Lm))det(1 − λ + O(LLm)) + O(LLm). 

Let λ̃k verify det(1 − λ + O(LLm)) = 0. Then, λ̃k = 1 + O(LLm) and there is an eigenvalue 
λ̂k of Ĵ I such that λ̂k = λ̃k + O(LLm) = 1 + O(LLm). To prove this last statement, evaluate 

˜det(J I − λIk−1 + O(Lm)) at λ = λk. This gives det(J I − Ik−1 + O(Lm)) which, because unity S S 
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is not an eigenvalue of J I , converges to a nonzero constant almost surely. Thus, there exists an S 

eigenvalue λ̂k of Ĵ I as asserted. Suppose now that λ̃i is a solution of det(J I − λIk−1 + O(Lm)) = S 

0. Because eigenvalues are holomorphic functions of the matrix elements, λ̃i = λi + O(Lm), where 
λi verifies det(J I − λIk−1) = 0 and |λi| < 1. In addition, there is an eigenvalue λ̂k of Ĵ I such that S 
ˆ	 ˜λk = λk + O(Lm). This can be proved as before, noting that evaluating det(1 − λ + O(LLm)) at 
λ = λ̃k gives an expression that converges to a nonzero constant with probability one. Thus, λ̂i is 
an eigenvalue of Ĵ I that converges to λi. This completes the proof. 

Proof of Theorem 1 
Let λ̂ be an eigenvalue of Ĵ such that |λ̂| < 1. Then, by Lemma 1, λ̂ = λ + O(Lm), where λ 

is a root of J with |λ| < 1 and Lm = (ln(m)/m)1/2, and the statistic R = m1/2[Real(λ̂) − 1 + hm] 
satisfies 

R = m 1/2[Real(λ) − 1 + O(Lm) + hm] → −∞. 

Let now λ̂ be an eigenvalue of Ĵ such that λ̂ = 1 and let LLm = (ln ln(m)/m)1/2. Then, by Lemma 
1, λ̂ = 1 + O(LLm) and 

R = m 1/2[Real(λ̂) − 1 + hm] 
= m	 1/2 [O(LLm) + hm] 

1/2−αm= m [O(LLm/hm) + 1] → +∞. 

The rest of the theorem can be proved similarly. 

Proof of Lemma 2 
Let {at} be the sequence of innovations defined in Assumptions A1–A3 and assume the re

gression yt = −φyt−1 + θat−1 + ut, where φ = −1 if the process {yt} is I(1). Note that ut is 
orthogonal to at−1 in the regression. Since at is not observed, it is replaced in the second stage of 
the Hannan–Rissanen method by ât, obtained according to (3) with N = {lna(n)}, a > 1. Assume 
{yt} is I(1), let m = n − 1 and define xt = (yt, ât)I , β = (1, θ)I and the normalization matrix 

−1 (− ̃ θ)INm = diag(m ,m−1/2). Then, the OLS estimator β̃ = φ, ˜ of β in the second stage of the 
Hannan–Rissanen method is 

−1n	 n

˜	 Iβ = Nm 

L 
Nmxt−1xt−1Nm 

L 
Nmxt−1yt
 

t=2 t=2
 
−1
n	 n

I= β + Nm	 

L 
Nmxt−1xt−1Nm 

L 
Nmxt−1[θ(at−1 − ât−1) + ut], 

t=2 t=2 

where we have used the identity yt = xt−1β + θ(at−1 − ât−1) + ut. 
By theorem 2.1 of Huang and Guo (1990) and Lemma 3.1 of Poskitt and Lütkepohl (1995), 

m−1 Ln ||ât − at||2 = O(lna+1 m/m). Let Lm,a = (lna+1 m/m)1/2 . Then, using the previous t=2 
result and Lemma A.1 of Poskitt (2000), it can be shown that 

Ln 2 =Op(1), m−1 Ln 
â2 = t=2 yt−1 t=2 t 

σ2 + O(Lm,a) and m−3/2 Ln 
ât−1yt−1 = O(Lm,a) + Op(m−1/2), where σ2 is the variance of at.a t=2	 a IThus, letting F11 = 

Ln 
Nmxt−1xt−1Nm, we can write t=2 

−1/2)
[ 

Op(1) O(Lm,a) + Op(m
]

F11 =	 −1/2) σ2 . 
O(Lm,a) + Op(m + O(Lm,a)a 
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Proceeding as in the proof of Lemma 1, we can show that 

−1/2)
F −1 

[ 
Op(1) O(Lm,a) + Op(m

]
= .11 −1/2) σ−2O(Lm,a) + Op(m a + O(Lm,a) 

Using Lemma A.1 of Poskitt (2000) again, we can show that m−1 Ln = m1/2O(ln ln1/2 m),t=2 yt−1ut 

m−1/2 Ln 
ât−1ut = m1/2O(Lm), m−1 Ln (at−1−ât−1)yt−1 = m1/2O(ln ln1/2 m), m−1/2 Ln (at−1t=2 t=2 t=2

−ât−1)ât−1 = m1/2O(Lm,a). The, letting G10 = 
Ln 

Nmxt−1yt, we obtain that t=2 
[ 

O(LLm) 
]

NmG10 = . 
O(Lm,a) 

From this, it follows that 

˜ F −1β = β + Nm 11 G10 [ 
1 + O(LLm) 

]
= 

θ + O(Lm,a
,) 

and thus φ̃ = −1 + O(LLm). Proceeding similarly, we can prove that if {yt} is I(0), then φ̃ = 
φ + O(Lm,a) with |φ| < 1. 

Let us consider now the third stage regression in the Hannan–Rissanen method. To that end, 
define ŷt = yt if 1 ≤ t ≤ n and ŷt = 0 otherwise, and 

ãt = −θ̃˜ φyt−1 1 ≤ t ≤ n, ˜ = 0 t ≤ 0at−1 + yt + ˜ at
 

ηt = − ̃ at 1 ≤ t ≤ n, ηt = 0
φηt−1 + ˜ t ≤ 0
 
−˜
ξt = θξt−1 + ãt 1 ≤ t ≤ n, ηt = 0 t ≤ 0 

The third stage regression in the Hannan–Rissanen method consists of regressing ãt on −ηt−1 
¯and ξt−1. Letting xt = (ηt, ξt)I, the OLS estimator β = (− ̄  θ)I of this last regression is given by φ, ¯ 

−1n n
Iβ ̄ = Nm 

L 
Nmxt−1xt−1Nm 

L 
Nmxt−1ãt, 

t=2 t=2 

−1where Nm = diag(m , m−1/2) is the normalization matrix defined earlier. Proceeding as in Zhao– 
Guo (1985), we obtain that 

ãt = φB)(1 + ˜ yt(1 + ˜ θB)−1 ˆ
ηt = θB)−1 ˆ(1 + ˜ yt 

ξt = (1 + ˜ θB)−2 ˆφB)(1 + ˜ yt, 

where B is the backshift operator, Bŷt = ŷt−1. Using the results of the first part of the proof and 
proceeding as in Zhao–Guo (1985), we can show that if {yt} is I(1), then 

[ 
O(LLm) 

]
¯ β = ,

O(Lm,a) 

and if {yt} is I(0), then 
[ 

O(Lm,a) 
]

¯ β = . 
O(Lm,a) 

Since the final estimator of the Hannan–Rissanen method is β̂ = β̃ + β̄, the proof is complete. 
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Proof of Lemma 3 
As in the proof of Lemma 1, let Lm = (ln(m)/m)1/2 and LLm = (ln ln(m)/m)1/2. Suppose the 

process {yt} is difference stationary and define the normalization matrix Nm = diag(m−1/2Ik−1,m
−3/2) 

to account for the nonzero drift term. Then, (13) can be expressed as 

−1n n

ˆ IJ = J + Nm 

L 
Nm(zt−1 − z̄1)(zt−1 − z̄1)INm 

L 
Nm(zt−1 − z̄1)vt, 

t=k+1 t=k+1 

I Iwhere vt = GI (ut − ū). Letting zt = (zst, znt)
I , where the partition is conforming to J = T 

diag(JS , JN ), Lemma A.1 of Poskitt (2000) can be modified and extended as on p. 89 of that 
article to give m−3 Ln (znt−1 − z̄n1)(znt−1 − z̄n1)I = O(1), m−1 Ln (zst−1 − z̄s1)(zst−1 −t=k+1 t=k+1

˜ −2 Ln −2z̄s1)I = Γ(0) + O(Lm), m (zst−1 − z̄s1)(znt−1 − z̄n1)I = O(1) = Op(m−1/2) and mt=k+1Ln 
zn1)(ut − ū) = O(1), where z̄s1 = 

Ln
t=k+1 zst−1/m, z̄n1 = 

Ln
t=k+1 znt−1/m andt=k+1(znt−1 − ¯

˜ = 
LnΓ(0) = Var(zst). Thus, letting F̃11 t=k+1 Nm(zt−1 − z̄1)(zt−1 − z̄1)Nm, we can write 

−1/2)
[ 

Γ(0) + ˜ O(Lm) Op(m
]

F̃11 = .−1/2)Op(m O(1) 

d−3 Ln ˜Since m (znt−1 − z̄n1)(znt−1 − z̄n1)I → W > 0 almost surely, where W̃ is a functional of t=k+1

standard Brownian motion, the previous expression for F̃11 implies 
[ ˜d Γ(0) 0 

]
F̃11 −→ > 0 almost surely.˜0 W 

As in the proof of Lemma 1, we can use the previous results to show that 

−1/2)
[ 

Γ(0)˜ −1 + O(Lm) Op(m
]

F̃−1 = .11 −1/2)Op(m Op(1) 

ILetting G̃10 = 
Ln

t=k+1 Nm(zt−1−z̄1)vt and using the previous result m−2 Ln
t=k+1(znt−1 −z̄n1)(ut − 

ū) = O(1), it is obtained that [ 
m1/2O(Lm) 

]
G̃10 = 

m1/2O(1) 

and 
[ 

O(Lm) 
]

F̃−1 ˜Nm 11 G10 = ,
O(1/m) 

which implies [ 
O(Lm) 

] [ 
J I + O(Lm) O(Lm) 

]
Ĵ I = J I + S 

O(1/m) = 
O(LLm) 1 + O(LLm) . 

The rest of the proof is as in the proof of Lemma 1. This completes the proof. 
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